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A short review of 1G

Nonparametric space 7, ={/: f(x) 20, [ f(x)du(x)=1}
Space of statistics &, =1s(x): I | s(x) | du(x) <o}

where 1 1s a fixed probability measure.

Information geometry is discussed on the product space %, X,

{model} ¢ .7,

IG N
{estimators} < &,

A canonicalbiliear form:.7,, x &, - R defined by

(f.5) = F(x)s(x)du(x)



Bartlett’s identity

Parametric model M ={ f,(x)e Ty 0= (0,,--+,0,)c 0}
Bartlett’s first identity

(fossgrloefy) —E - log fy()} =0

Bartlett’s second identity

E

i log fp(X)} = Var {2 log /(X))



Metric and connections

Let M ={fo(x)eF,:0=(0,,-,0;) 0}

Information metric  G;;(6) = Cov ¢, {Sl-(X, a),S (X, 6’)}

where S;(x,0) = 6?9- log f5(x)
l

Mixture connection

2
™) - | %gf% ) 8, (x,0)du(x)

Exponential connection
2

[0 =y, = eéa -log/p(X.0) S,(X,0)}
i

Rao (1945), Dawid (1975), Amari (1982)




Geodesic curves and surfaces In 1G

Letusfix fandg of 7.
m-geodesic curve CM = (£ (x)+(1-1)g(x):1 (0, 1)}
e-geodesic curve €9 = {exp{rlog f(x)+(1-1)log g(x)—x;} :1 €(0, 1)}
Let us fix {f; };2; in7,,.

K
m-geodesic surface  M™ ={> 7z, £ (x): 7 € Sg } where Sk _; denotes asimplex.
k=1

K
e-geodesic surface  M'© = {exp{> 7 log fi(x)—x(m) } : 7 € Sx }
k=0
=
‘T




Kullback-Leibler

S (x)
d
7(x) 1(x)

1. KL divergence is the expected log-likelihood ratio
J(X)
Dy(f.g)=Esqlog §
o8
2. Maximum likelihood is minimum KL divergence. Akaike (1974)

Ly(0) = Ef‘n {logfg(X)} = —Do(fn,fg) + const

3. KL divergence induces to the m-connection and e-connection

3
(m)(g) = _ 0 D
Fij,k (9) 891i891j692k 0(f917f92)|21:_%
)=

K-L divergence DO(f,g)zjf(x)log

53

06, .00 DO(f92=f91)|91=9 Eguchi (1983)
2j7 "k 6, =

PHORSE
i =6
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Pythagoras

Thm  Let us fix distinctdensities /,g and /4 in .7,
C™ = {1f(x)+(1-0)g(x):1€(0, D}
C® = {exp{tlogh(x)+(1-1)logg(x)—x,}: 1 (0, 1)}

If C'™ and C© orthogonally intersects at g, then

Do(f,1)=Dy(f.8)+Do(g,h)

Amari-Nagaoka (2001)

Pf G(C™.C) = (f - g)log g ~logh—&,)du

=Do(f.h) ={Do(f,8)+Do(g,h)}



Exponential model

Let us fix #=(7y,--,1g) where {; € &, for k=1, K

Exponential model ~ M© ={ £ (x):=exp {0 t(x)-x(0)}: 0 c ®}

Mean parameter £ {t(X)} = K(B)
For @ & (e)
or Gl’f'(a):a@iaf)j k() [;5(0)=0
Forp  G;(m)=(G(O)™); LW () =0 Amari (1982)

2
Degenerated Bartlett identity |_ 0 (€) (v} — 0 (e)
YTy log 157 (x) Varfa(ag log o)




Minimum KL leaf

Exponential model M(© = { /59 (x) :==exp{0Tt(x) —x(0)} : 6 € ©}

Mean equal space  &(g)={ f € 7,: E {t(X)} = E {#(X)}}

SeL([gh) = DS Sg)=Dof- S gD +Do(f 0 S)

Hence  Dy(/.fpe) = minDy(f.. /")

10



Pythagoras foliation

((f): fe M®} isa foliation
(1) fl-_ﬁfz jgflﬂgfz :¢

(i) 7= U «0n

feM(e)
M(e)
- g(M©®y f1 ///
Tu=tl ) Z(f1)
Ja A
L “(f7)
& ‘ ()

11



log + exp

log & exp

O\

Bartlett identities

&g

/

KL-divergence

e-connection e-geodesic

m-connection m-geodesic | >

/

exponential model

mean equal space

~

Pythagoras identity

/

/7 Pythagoras foliation

12



T

Path geometry

g

A

{ m-geodesic, e-geodesic, ... }

13



Kolmogorov-Nagumo mean

n
K-N mean is ¢_1(%Z¢(xl)) for positive numbers {xi,...,x,,}
i=1
(1) g(s)==s sample mean : lz X;
n‘

1
n

(2) ¢(s) = log(s) geometric mean : exp(lZlog xl-) =(x;--x,)
i

1

(3) o(s) = s™' harmonic mean : &
n 4 X;
i=1

¢—I




K-N mean in Z~

Def. K-N mean

7 ((1-0)p(f () +1h(g(x)),  f.ge Fp tel0]]

Cf. Naudts (2009)

— —~—

»” .y

¢ N\
a-n/+lg ~= | em )
| ‘}
(A-0g( /) +14(g)
¢(f ) ,
Ty / /
¢ 1 A,_‘\V-h - - o

¢ ((1-13()) +4(2))

15



¢ -path
Def. ¢ -path connecting fand g
[,(x,0) =" (1-D)d(f () +1h(g(x)) —K,),

where x, 1s a normalizing factor to satisfy '[ ¢_1((1 -0 f)+1p(g) —x,)du =1

Thm  Assume that ¢ is strictly increasing and concave.

Then there exists such a normalizing constant x, as above.

(Pf) Since ¢_1 1s strictly inceasing and convex from the assumption
6 (L=DP()+14(g) <A-0f +1g
[#7(-09() +1d(g)du <1.

Further lim ¢72(c)= o0
C—0 B



Examples of ¢ -path

Exm0 d(s)=s = [f(x,0)=(1-1)f(x)+tg(x) (m-geodesic)

Exm1l ¢@y(s)=logs =
1, (x,dy) =exp((1-1)log f(x)+tlogg(x)—x,) (e-geodesic)

where x, =log I exp((1-1¢)log f +tlog g)du.

sP —1
)54

1
BXm2 gy(s) ="t = fixgp) = {1-0/ () +1g(x) -x)”

Exm3 ¢,(s)=log(s+7n) =
J1(x,0,) =exp((1-1)log(f (x)+7) +tlog(g(x) +77) —k;)

where «, = 10g“exp((1 —1)log(f +n)+tlog(g +n))du —77J



Identities of g-density

Model M ={fg(x): 0O}

1st identity f 7 (lfg) 889¢(f9)dﬂ =0

2nd identity - 6989T¢(f9)¢(f) ,[

because J' 8% fodu =0

- 9" (fp) 0 ¢

{9 (fe)}zaé’

82

89T

#(fo)du

18



Generalized mean and variance

Def E(f"j) {a(X)} :j a(x)f (9) (x)du(x)

Cov'a(X).b(X)} = [ w9 (/) a-EPa)b—EPb)" fPeu

1

h Dy U@ @y =8 )
where  /*7(x) = (f) PP

I¢(f)

Note E(}ﬁ) 1s a linear functional on @’

Cov (¢) .

\ 1s a bilinear positive definite functional on &7,



Generalized mean and variance
Exm - g(s)=logs = E'{a()} = [a s du
Cov(}”) (a(X),b(X)} = [ (a~Ea)(b-Eb)" f d

[arF du
| 7 du

§) = (" ) = EPtax0) 5

E(¢)a)(b _ E(¢)b)Tf1—2ﬁ du

(¢) _.[(a_
C X),b(X)} =
ov - 1a(X),b(X); Ifl_ﬂd

20



Model

Bartlett identity

Bartlett Identity

M ={fo(x)}gc0

a J—
E, {5y 0./} =0

82
£ = 06067

B 0
log fp} = Var, (.7 log /)

g—Bartlett identities E(qj){i ?(fo) =0

Jo 09,

E(Jqf) {_ a;;T WQ)}:Var;@{geﬂfe)}

21



Tangent space of &7,

Tangent space TP ={a(x)ed, : E“”{a(X)} 0}

Riemannian metric  (a, b>(¢) Cov(¢) {a(X),b(X)}

Expectation gives the tangent space.

Topological properties of 7,(9 depend on g.

If ¢ =log, then 7,9 is too large to do statistics on &,

Cf. Pistone (1992)

22



Parallel transport
Def

A vector field {4 (x):¢€[0,1]} is parallel along a curve C={f,:r<[0,1]}
a
dt
Acurve C={f,:1€[0,1]} is ¢-geodesic

d

N A0(x)=Cov'?{ 4,9 p(fi) }

2
e S =var? (o4 (X))

Ar Al
we Ao
\/ I
C g

/

Cf. Amari (1982).

23



@-geodesic

Thm If C={f,} o< iSthe ¢-geodesic curve
then C is the ¢-path connecting f, with f;.

Proof. By defintion, %qﬁ( f.(x))=constinx (Ve(0, 1))

which is solved by
¢(f;(x)) = A =0)@(f1(x)) + 16 ( fo(x)) = ;. -
#(C (¢))
o(f) U #(/) )
7

24



¢ -divergence

@-Cross entropy CP(f,g)= —Egg}){éﬁ(g)}
¢-entropy H@® (f)= C("’)( £.0)

¢-divergence

DO (f.g)=CP(f.e)-HP(f)=EL (/) -d(2)}

Note: g-divergence is KL-divergence if ¢ =log

25



Divergence geometry

Def. D issaid to be a diveregence measure on Ty it

D(f,g)z0 (Vf,geZ,) withequality iff f =g (a.e.u)

Let M ={f,: 6 O} be a statistical model.

D) (D) *~(D)
Dlowe — (G, T2, T;7) on ©

with the Riemannian metric on M :

52
D( /oy Jo,) |gl=9

GPgy=——2
y ( ) 89118921 2=9

the pair of affine connections on M-

83
2 9) = — D(f,. , _, (00O

; o>
') 9)=- D(f,., _, (€0
ik (0) 501,00, 002 (fo, fal)'g;g ( ) "



¢ -divergence geometry

The metric ~ G(0) = f 26 o)

‘39 @' (fe)

Affine connection pair

2

LSO =[ 55 9U0) 5000, 51y
F(f)k(é’) I 00,00, ¢(f‘9)6¢9 ¢(f)

27



¢ —Pythagorean theorem

Thm — ggeodesic  f, (x) =4~ ((1-0)¢(g(x)) +14(f(x)))
1

d*-geodesic h (x)s.t ¢'(h)=

| |
RV TR ()
GOf 1) li—o5-0=0 = Dy(f.8)=Dy(f.g)+Dy(g.h)

P Gf .k ) |eos-0

f " _.[dt¢(f)ds¢(

fi = [ (6N -d(H

) d/’l |l‘:O,S:O

1
R ITIA

28



¢ -Pythagorean foliation

If f satisfiesEP {1(X)}=E) 0 Q0 then Dy(f.1p N =Dy(f, [+ D152, 137)

¢-mean equal space & (g)={f: ES?){t(X)} =BY {1(X)}}

@)
QZ; | S /’/

.

“(f1)

(1)

29



KN-mean

¢- mean, ¢ - variance

PN

¢ -Bartlett identities

¢ - divergence

/

¢ - connection

¢ - geodesic \

¢ *- connection é*- geodesic | = | ¢- Pythagoras identity

/

/

@ - model

¢ - mean equal space

7 ¢ - Pythagoras foliation

-

What is a statistical meaning of g-mean and ¢-variance?

¢ - independence, ¢-LLN, ¢-CLT, ¢ -moment generating function,



U-divergence
Let U be a function satisfying U'(s) = ¢_1(s)

U-cross-entropy Cp(f,g) = I =/ 9(g)+U(d(g))}du
U-entropy Hy(f)=Cy(f.[)

U-divergence Dy (f.8) =Cy(f.8)—Hy(f)

Note CU(fag) ZHU(f) or DU(f:g) >0
i 1+5
EXm  Let Up(s) =15 50- 59 r

Then power entropy Cy; 5 (f.2)= —%J. f gﬁ du + ﬁj gﬂ +ld/,t

power divergence Dy, (f,8)= [ f(f” =" )du+ g1 [ (7 =" Ndu 5



U-divergence geometry

The metric associated with U-divergence:

G5O =[ 5t 55 #So)d

Affine connections associated with U-divergence:

C2O0=[ sz o fo o $(fo)du

U d 82
5ROV =] 310 5 26, #(fo)du

Thm (i) U-geodesic is mixture geodesic.

(i) U*-geodesic Is ¢ geodesic



U-geometry # ¢g-geometry

¢-metric on a model M

G0)=] 55,90) 69 ¢(f9)

U-metric on a model M

G5O =[ 3510 55 #So)dn

¢*x-connection

O =] 555900

U*-connection

‘%’ x4 (fg)

U 0° 0

33



Triangle with D,

Thm  mixture geodesic £, (x) = (1-1)g(x)+1 f(x)

g-geodesic  p (x) = ¢ ((1-5)p(g(x)) +sd(h(x)) — K, )

GOS b ) —os-0=0 = Dy(f.8)=Dy(f.8)+Dy(g.h)

h Pf G(U) (fr:hs) |r=0,S=0

F d d
f hy = | dtf rdség(g 2/ P

Ji = [ (F-2)(h-Kg)du
= Dy(f. )~ {Dy(f-8)+ Di(g.h)}

34



U-estimation

Let g(x) be a data density function with statistical model fy(x)

U-loss function
Liy(0) =Cy(f. f)==E (S} + [ UB(fp))du

U-empirical loss function
em I ¢
L™ (0) == — 3 $(fo(x) + | U(#(fo))du
i=1
U-estimator for 8

g, = argmin L ™ (0)
0O

35



U-estimator under g-model

gmodel MY = (fP(x)= 4707 t(x)-K,): 0O}

U-empirical loss function
Ly (0) ———Z¢( o7 e+ [ U@ ndu
= —{oTt D(6)}

where 7 = %Z (X)), D(8)=x(0)+ [ U@t K(0))du
i=1

U-estimator for @ 6, =argsolve (= cD(H)—t} _( ) (t)
0c®

U-estimator under ¢-model has analogy with

MLE under exponential model o



Potential function ®

Def  Wecall ®(0)=x(0)+[ U@ t—x(6))du
the potential function on g-model

0 0 0
Note - @(0) =—x(0)+ [ {t(x) = —x(0)} /" (x)du(x)

= Ef;@ {t(X)}

We define the mean parameter n by

0
=D

%,
Cf. g—-mean parameter E%){I(X }=@K(9)
Thm  gestimator for 7 is given by the sample mean

i=1 37



Pythagoras foliation

Thm  If apdf f satisfies E HH(X)} =1, then

Dy(f+fo) =Dy ([ f3)+ DSy Jo):

Pf Consider
)

Jo= 17 +(=0f;" h=¢7(s9(fy H+1=9)9(f; )
Then . A - - .
GO puh)=[ (7 =13 V05 =9/ el
= (- 0)" (E}{1(X)} ~E @) {1(X)}) =0

Oy

38



Pythagoras foliation

) (U)

Dy(f. 15y = Dy (/. f“”>+DU<f S

Fa= U @) where @(f)= {g: E {t(X)} = {t(X)} |

eM©®

U
f()

39



U-Boost learning for density estimation

Uoss function  Ly(1)=-1 (1 (x)+ [ UGt (e
Dictionary of density functions

o ={ g;(x):9,(x)>0, j g,(x)dx=1 AeA}
Learning space = g-model

2y =g co(d( ) ={47 (X 71 #(92(x))}

AeA

o Let f(x,m)=¢"( D 7;4(92(x))). Then e, 0L 0) =0,(x)
AeA

o _@j; 73

Goal : find f =argmin L (f)

fecy



U-Boost algorithm

(A) Find fi = argminLy(9g)
ge &

(B) Update 1:k - 1:k+1 25_1((1—ak+1)§( fk)+ak+1§(gk+1)) st

(@i Ok) = argmin Ly ((L-a)&( ) +a&(9)))
(a,0)e(0,)x &

(C)  Select K, and f =& ((1—ay )E(fa) +akE(9k))

1
Example 2. Power entropy " (x)= (X7 9 (0 ) #
k

If B=0, f"(x)=exp( D 7 log gk (x)) = [Toc(x)™  Friedman et al (1984)
K K

If p=1, f (x)= D 7 9k (x) Klemela (2007)
k



04 U6

g3

Inner step in the convex hull
O ={t(x,A) 1A€A}y —— Ay =¢ " (cog(7)

Goal : ™ =argmin Ly, () f7(x) =g (e f(x)) + -+ 2 £ (x)))

fecy

v. 4.

05

o/




Non-asymptotic bound

Theorem. Assume that a data distribution has a density g(x) and that

(A) sup U WHHO - d0)¥ <hy

(v, p)eco(E( ))x ) x

Then we have

E,Dy (9, fx) < FA(9, 4 ) +EE(9, % ) + E(K, @),

where
FA(9,on") = Inf Dy(g, f) (Functional approximation)

feon”

EE(g,») =2 Eg{fu3|iz¢(f(xi))_ E#(f)|} (Estimation error)
€” =l

21, 2
IE(K,Q/‘)zKCbU I (c:step-lengthconstant)  (lteration effect)
+C—

Remark. Trade between FA(p,@ff) and EE(p, > )

43



MISE/2

0.005 0010 0.015 0020

0.000

(A) n=50

(0]

10

20 30

C (skewed-unimodal)

4 2 4 0 1 2 38

(C) Skewed

0000 0005 0010 0015 0020 0025 0030 0.03

p-Boost (B=1)
p-Boost (8=1/2)

KDE

RSDE (Girolami-He, 2004)

(A) n=50 (A) n=50

003
|

002
|

%
0.01
|

000
|

H (bimodal) L (quadrimodal)

(H) Bimodal IV (L) Quadrimodal

02 4 0 1 2 2

4 2 4 0 1 2 3
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R E@ Cov®
¢-divergence

Conclusion

___—>| K-N'mean

—>

-

—> | U-divergence

d-path

—>| ¢-geodesic

——> | (GY*T®, [¥)

v

(#-geodesic, g*-geodesic )

G *T (V) TW)
(G'9, , TW0)

v

(¢-geodesic, m-geodesic )

¢-path

> ony =g (cog())
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Future problems

Tangent space

T = {a(x) e HY : E'P {a(x)} =0}

where  (a,5) =Cov{!{a(X),b(X)}

Path space

P =(PY(f,8): g € T}

where P(f,2)={¢"((A-1)g(f)+1d(g)—K,): t [0,1]}

46



Future problems

@¢-mean, g-variance, g-divergence

These are natural ideas from 1G view point

We can build g-efficiency in estimation theory, but

What is a statistical meaning of g-mean and ¢-variance?

Can we define a random sample of ¢-version?

¢ -independence, @¢-LLN, ¢-CLT, ¢ -moment generating function,

Cf. g-independec.....

a7



Thank you



